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1. Let f : [0, 1]→ R be a function defined by

f(x) =


0 if x = 0;

1 if 0 < x ≤ 1.

Show that f is Riemann / Darboux integrable and the integral is 1.

(Remark: Without using the equivalence of Riemann integrable and Darboux integrable.)

2. Let f : [0, 1]→ R be a function defined by f(x) = x.

Show that f is Riemann / Darboux integrable and the integral is
1

2
.

3. Let f : [0, 1]→ R be a function defined by

f(x) =


1 if x ∈ Q;

1 if x ∈ R\Q.

Show that f is Riemann / Darboux integrable and the integral is 1.

4. Let f : [0, 1]→ R be a function defined by

f(x) =


1 if x =

1

n
for some natual number n;

0 otherwise.

Is f integrable on [0, 1]? Why?

5. (a) Let f : [a, b]→ R be a function which is integrable on [a, b]. Show directly that |f | is integrable.

(b) Let f, g : [a, b] → R be functions which are integrable on [a, b]. Define H : [a, b] → R by

H(x) = max{f(x), g(x)} for all x ∈ [a, b]. Show that H is integrable on [a, b].

(Hint: Show that H(x) =
f(x) + g(x) + |f(x)− g(x)|

2
and recall the linearity of integrals.)

6. Let f, g : [a, b]→ R and α, β ∈ R. Suppose that (P,~c ) is a tagged partition of [a, b], show that

S(αf + βg, P,~c ) = αS(f, P,~c ) + βS(g, P,~c ).

Suppose that f, g : [a, b]→ R are Riemann integrable, by using the above result, show that αf+βg

are Riemann integrable on [a, b].

7. (a) Let f : [a, b] → R be a bounded function such that f(x) = 0 except possibly for a finite

number of points on [a, b]. Prove that f is integrable on [a, b] and

∫ b

a

f = 0.
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(b) Let f, g : [a, b] → R be bounded functions such that f(x) = g(x) except possibly for a finite

number of points on [a, b]. Prove that f is integrable on [a, b] if and only if g is integrable on

[a, b].

8. Let f : [a, b]→ R be integrable, and let P be an even partition of [a, b] given by

P = {x0, x1, . . . , xn}, xi = a+
(b− a)i

n
for i = 1, 2, . . . , n.

Define the trapezoidal rule by

Tn(P, f) =
b− a
n

∞∑
i=1

(
f(xi−1 + f(xi)

2

)
.

Show that lim
n→∞

Tn(P, f) =

∫ b

a

f .

9. (Extension of the First Fundamental Theorem of Calculus) Let f : [a, b] → R be integrable.

Suppose that the function F : [a, b] → R is continuous, that F : (a, b) → R is differentiable, and

that F ′(x) = f(x) for all x ∈ (a, b) except possibly finitely many points. Prove that∫ b

a

f = F (b)− F (a).

10. Let f : [a, b] → R be an integrable function such that f(x) ≥ m for all x ∈ [a, b] for some m > 0.

Suppose that 1/f : [a, b]→ R be the reciprocal function.

(a) Let P be a partition of [a, b]. Show that

U(1/f, P )− L(1/f, P ) ≤ 1

m2
[U(f, P )− L(f, P )].

(b) Hence, prove that 1/f is integrable on [a, b].
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